The question of the uniqueness of energy-momentum tensors in the linearized general relativity and in the linear massive gravity is analyzed without using variational techniques. We start from a natural ansatz for the form of the tensor (for example, that it is a linear combination of the terms quadratic in the first derivatives), and require it to be conserved as a consequence of field equations. In the case of the linear gravity in a general gauge we find a four-parametric system of conserved second-rank tensors which contains a unique symmetric tensor. This turns out to be the linearized Landau-Lifshitz pseudotensor employed often in full general relativity. We elucidate the relation of the four-parametric system to the expression proposed recently by Butcher et al. "on physical grounds" in harmonic gauge, and we show that the results coincide in the case of high-frequency waves in vacuum after a suitable averaging. In the massive gravity we show how one can arrive at the expression which coincides with the "generalized linear symmetric LandauLifshitz" tensor. However, there exists another uniquely given simpler symmetric tensor which can be obtained by adding the divergence of a suitable superpotential to the canonical energy-momentum tensor following from the Fierz-Pauli action. In contrast to the symmetric tensor derived by the Belinfante procedure which involves the second derivatives of the field variables, this expression contains only the field and its first derivatives. It is simpler than the generalized Landau-Lifshitz tensor but both yield the same total quantities since they differ by the divergence of a superpotential. We also discuss the role of the gauge conditions in the proofs of the uniqueness. In the Appendix, the symbolic tensor manipulation software Cadabra is briefly described. It is very effective in obtaining various results which would otherwise require lengthy calculations.
I. INTRODUCTION
In relativistic field theories the most frequently used method of constructing conserved quantities is based on Noether's theorems. If one starts from the Lorentz invariant Lagrangian, one can employ its symmetries and form (in general asymmetric) a canonical energy-momentum tensor which can be symmetrized by adding the divergence of a superpotential. Alternatively, one may rewrite the Lagrangian in a manifestly covariant manner and obtain, by inducing the variation of the metric by infinitesimal coordinate transformations, the symmetric tensor directly.
Although the quantities so derived are well established and physically sound, there may exist other second-rank tensors which may be useful just because they are conserved as a consequence of the field equations. For example, they may turn out to control the time evolution of the Cauchy data more efficiently than "conventional" expressions (e.g. the fourth-rank Bel-Robinson tensor is used in the proofs of the global nonlinear stability of Minkowski space). In addition, physical theories exist, for which the field equations are not derivable from a variational principle; this is the case with, for example, the "already unified theory" of gravity and electromagnetism by Rainich [1] .
In the following, we consider, within linearized Einstein's theory and massive gravity, various second-rank tensors involving fields and their first derivatives conserved as the consequence of the field equations involving their second derivatives. Although we fully acknowledge the significance of the expressions derived from the variational principle as mentioned above, we take the liberty to call sometimes such conserved second-rank tensors "energy-momentum tensors" or "complexes" being influenced, among others, by language used frequently in general relativity.
The technique we use to construct expressions conserved modulo field equations goes back to the work of Fock. At the 1962 Warsaw conference on general relativity [2] and in the second (revised) edition of his influential monograph, Fock [3] summarized his work on the uniqueness of the energy-momentum tensors of the electromagnetic field, of incoherent matter, and of a perfect fluid in which a Lagrangian formalism is not used. The uniqueness was proven assuming the energy-momentum tensor is a symmetric tensor of the second order, formed with the field variables, and conserved as a consequence of field equations.
Inspired by Fock's work, one of us generalized this method to the wave fields described by the equations of the second order -neutral scalar meson field, vector (Proca) field, linearized gravitational field and the gravitational field in full nonlinear Einstein's theory [4] , [5] . As one proceeds to more complicated theories, some simplifying assumptions about the structure of the expressions for the energy-momentum are made. In the case of linearized Einstein's equations when the metric tensor, in a suitable coordinate system, can be written in the form g ik = η ik + h ik , |h ik | ≪ 1, the basic assumption is that the energy-momentum tensor T ik depends on 20 independent quantities quadratic in h ik,l ; however, the symmetry of T ik was not assumed. Also, no specific gauge was chosen. It turned out that the resulting expression conserved modulo linearized Einstein's equations forms a four-parameter system. Among these, there is the linearized Einstein's complex; it is nonsymmetric and can be derived from a Lagrangian. However, there exists also a unique symmetric tensor which does not follow from a variational principle. We show that it is the linearized Landau-Lifshitz pseudotensor frequently used in full general relativity and in approximation methods going beyond the linear theory (cf. e.g. [6] , [7] , [8] ).
Recently, Butcher et al. from the Cambridge Kavli Institute for Cosmology published a series of papers on "localized energetics of linear gravity" [9] , [10] , [11] . By examining the transfer of energy and momentum between local matter and the gravitational field within the linearized theory, they constructed a symmetric energymomentum tensor of linearized gravity which exhibits plausible physical properties and is quadratic in the first derivatives h ik,l ; however, the whole framework leads to the use of the harmonic gauge [9] . Later the same authors extended their work to the study of the localized angular momentum of linearized gravity [10] . They also constructed a Fierz-Pauli Lagrangian for a massless spin-2 field and made it covariant by introducing the nonholonomic basis (tetrad) and connection which in general led to nonflat backgrounds with torsion, corresponding to the Einstein-Cartan-Kibble-Sciama theory treating the translational and rotational symmetries separately. By varying with respect to the tetrads and connections they obtained the expressions [11] which in the harmonic gauge reduce to the results found in [9] , [10] . In this sense the expressions follow as Noether currents associated with the symmetries under translations and rotations.
The main motivations for the present paper have been to find (i) relations between our past work [4] , [5] to the Landau-Lifshitz complex employed with an increasing frequency in the literature (cf. e.g. the recent monograph [8] ), (ii) to give relations to new developments due to the Cambridge group [9] , [11] and (iii) to generalize our method of studying the uniqueness of energy-momentum tensors to the case of massive gravity. The massive gravity has been studied with an "oscillatory interest" for the past 70 years. It became popular again recently when it was proven that the nonlinear theory of massive gravity is ghost free [12] , [13] ; see also the reviews [14] , [15] . Here, we shall consider just the case of the linear Fierz-Pauli theory; it represents the weak field limit of generic theories. As far as we are aware, no study of the uniqueness of the energy-momentum tensor in massive gravity was done so far. Last but not least, we wish to demonstrate how long and tedious calculations which were necessary to get results in [4] , [5] , and, also, how other procedures like finding appropriate superpotentials can, at present, be performed very effectively by the usage of symbolic tensor manipulation software Cadabra.
The article is organized as follows. In the following Sec. II we describe a general procedure of finding energymomentum tensors conserved as a consequence of a system of equations of motion given by a system of partial differential equations containing linearly second derivatives of the second-rank tensor h ik .
The important step in simplifying computations is to consider, in Sec. III, Lorentz covariant expressions; this does not mean any loss of generality. We construct a general second-rank tensor quadratic in h ik,l ; it involves 20 free constant parameters. We discuss the conservation of the tensor as a consequence of the field equations of various types. It is here where the use of the Cadabra software is indicated. More details are relegated to the Appendix.
In Sec. IV, the method is generalized to the equations of motion containing nonderivative terms h ik which is the case of the Fierz-Pauli theory of massive gravity.
It is well known that there may exist parts of energymomentum tensors which do not contribute to the total quantities for insular systems with fields decaying sufficiently rapidly at infinity. These "generalized" divergences called superpotentials can be investigated again by the modification of the method presented in the previous sections. In Sec. V a general expression with 13 arbitrary parameters is constructed and the form of the master equation for the superpotential is given. It combines the condition that the divergence of the superpotential must yield the energy-momentum tensor as a consequence of the field equations.
Sections VI and VII contain the results. Conserved quantities in linearized gravity are discussed in Sec. VI. First, a unique albeit nonsymmetric expression (and corresponding superpotential) without using equations of motion is presented in Sec. VI A. It appears in a number of subsequent expressions. Next, the linearized vacuum Einstein's equations are employed in Sec. VI B to obtain a four-parametric family of energy-momentum tensors quadratic in h ik,l . The condition of symmetry leads to the unique (up to a multiplicative constant) result which is just the linearized Landau-Lifshitz pseudotensor. We give also "the metric energy-momentum tensor" (so automatically symmetric) which follows from the variational principle and is covariantly conserved at any background. However, it contains the second derivatives h ik,lm . In this first part of Sec. VI we proceed and find quantities conserved in a completely general gauge.
Within the linearized gravity we also investigate the role of the harmonic gauge condition and generalized gauge condition since we wish to analyze the uniqueness of the energy-momentum tensor presented in [9] . Taking into account the harmonic gauge condition ab initio, our procedure gives the five-parameter family of, generally nonsymmetric, conserved quantities. The condition of symmetry leaves us with a three-parameter expression which contains the resulting tensor given in [9] as a special case. However, starting from the unique symmetric energy-momentum tensor obtained without any gauge condition and applying then the harmonic gauge condition a posteriori, we do not arrive at the result in [9] . In the most recent work [11] , the authors rederive their symmetric tensor from a variational principle without a using special gauge condition -they apply the harmonic gauge condition a posteriori. The "initial" tensor obtained in [11] is nonsymmetric; it follows as a special case from our four-parameter family of energy-momentum tensors.
In [9] the authors start with a generalized gauge condition, h ab ,b = χh ,a , where h = η ik h ik = h i i , and the harmonic gauge condition is found to be a consequence of their physical arguments leading to χ = 1 2 . Using our procedure we also construct conserved expressions for arbitrary values of χ. The case χ = 1 leads to the four-parameter family and χ = 1 produces the fiveparameter family. The requirement that the resulting energy-momentum tensor is conserved independently of χ leads to a unique nonsymmetric expression.
Energy-momentum tensors for massive gravity stemming from the equations following from the Fierz-Pauli action are constructed in Sec. VII. Starting first with the Klein-Gordon equation of the form h ik − m 2 h ik = 0 in Sec. VII A, we obtain a five-parameter family of conserved expressions. If we add additional equations of the Fierz-Pauli gravity, h ab ,b = 0, h = 0, the system of conserved energy-momentum tensors reduces to the three-parameter family, and the condition of symmetry yields a two-parameter family. However, we can arrive at a unique expression in the following way. Rather than from the Klein-Gordon equation for massive field h ik , we start from the field equation as it follows directly from the Fierz-Pauli action. The resulting tensors are nonsymmetric and form a two-parameter system. Nevertheless, after inserting conditions h ab ,b = 0, h = 0, and imposing the symmetry of the energy-momentum tensor we arrive at the unique expression. It is different from the generalization of the linearized Landau-Lifshitz tensor to the case of massive gravity but it yields the same total quantities since both expressions differ by the divergence of a superpotential. It also differs by the divergence of a superpotential from the canonical energy-momentum tensor derived from the variational principle based on the Fierz-Pauli action.
II. THE METHOD OF FINDING A GENERAL CONSERVED ENERGY-MOMENTUM COMPLEX
We wish to construct a conserved energy-momentum complex 1 T ij for the linearized gravity which depends quadratically on the first derivatives of the metric. So we assume its form to be
with t ijabcrst being constant coefficients symmetric in (a, b) and (r, s) and invariant with respect to the interchange of the triples (a, b, c) and (r, s, t). In vacuum it has to satisfy the conservation law
as a consequence of the equations of motion assumed, just here, to be in the form
A is an arbitrary multi-index; p's are constant coefficients. Using Lagrange multipliers λ i A these requirements can be written as the following master equation
which is assumed to be satisfied for arbitrary independent field variables; hence the divergence of the energymomentum tensor is formed from a linear combination of the field equations. Lagrange multipliers λ ijabcrst h ab,c h rs,tj , the Lagrange multipliers in this case need to have the form
where L's are constant coefficients. Writing master equation (4) in terms of coefficients t ... and L ...
The last equation has to be satisfied for all h ab and their derivatives. Taking into account the obvious symmetries we arrive at the condition
Here () denotes symmetrization, [] used below -antisymmetrization, both with 
employing known coefficients p
Amnop and so find the constants t ijabcrst .
III. LORENTZ COVARIANT THEORIES
Assuming that field equations and the corresponding energy-momentum tensor are Lorentz covariant the procedure described above considerably simplifies. Raising and lowering indices will be performed by the Minkowski metric η ab . Now we just need to find all different contractions of the term h ab,c h rs,t to produce a tensor of rank two. The most general form of a Lorentz covariant energy-momentum tensor quadratic in the first derivatives of the metric then turns out to contain 20 parameters a 1 ,..., a 20 . It reads as follows:
In order to simplify the notation of some expressions in the following we shall denote a term appearing at a particular coefficient a α by A α ik (α = 1,..., 20). The energy-momentum tensor and its divergence can thus be written as
Let us now consider various types of equations of motion, in a "tensorial form," depending on the number of their free indices, P ab = 0 (e.g., the case of the linearized Einstein equations), P a = 0 (e.g., the equations characterizing gauge conditions or field equations in the case of massive gravity), and P = 0 (the case of massive gravity).
In the first case we assume that P ab = P ba contain linearly h mn,op . Regarding our ansatz for energymomentum tensor (8) the right-hand of the master equation (4) acquires the form λ rsqab i h rs,q P ab . After taking into account the Lorentz covariance and considering all relevant symmetries we find, explicitly, the resulting contribution to the master equation:
here λ β are scalar Lagrange multipliers and L α i denote corresponding terms. Analogously, we proceed in the case of the field equation with the vectorial form P a = 0. For our purposes we consider the field equations linear in h ab,c . Therefore, in the master equation there will appear the term µ mnopa i h mn,op P a with the explicit form
where µ β are scalar Lagrange multipliers and the individual terms are labeled as U α i .
Finally, consider the equation P = 0. Our linearity condition and the general form of the energy-momentum tensor restrict the possible choice just to P = h a a ,b
b . Nevertheless, in the master equation there will arise the term κ qrs i h rs,q P leading to two covariant terms called K α i , with Lagrange multipliers κ α :
Summarizing the previous considerations, we find the master equation in the following general form
(13) As a result we obtain equations for unknowns a α , λ β , µ β , and κ β which have to hold for arbitrary field variables h ij . We rewrite them in the form of general equation (6) , though Lorentz covariance substantially reduces the number of terms. As a consequence of the linear independence of the terms h ab,c h mn,op , we can extract linear equations for variables a α , λ β , µ β , and κ β . This extraction can be assisted by the use of the Cadabra software. We illustrate its use in our context in the Appendix.
IV. THE CASE OF MASSIVE GRAVITY
Above, we considered the equations of motion containing linearly h ab,c or h mn,op . We now generalize the procedure to allow field h ab itself to be present linearly in equations of motion as, for example, in the Klein-Gordontype equation
In this more general case we assume the energymomentum tensor to contain not only quadratic terms in the first derivatives of the metric but also the terms of the form h ab h cd appropriately contracted to give a tensor of rank two.
2 There are just four terms of this type
2 Notice that the terms of the form h ab h cd,e will not yield a tensor of rank two.
where C β ik just denote terms explicitly seen on the righthand side.
3 Therefore, the general form of the energymomentum tensor we consider, in the case of massive gravity, for example, will read as follows:
Considering next the equation of motion we have now to modify relation (3) into P ab = p ab mnop h mn,op + q ab mn h mn = 0. The character of equations of motion assumed and our ansatz for the energy-momentum tensor imply that the Lagrange multipliers are linear in the first derivatives of h ab , λ i ab = λ irst ab h rs,t . In the case of the vector-type field equations, P a = 0, we now get an additional contribution to the master equation, ν mna i h mn P a , which leads to two covariant terms labeled by V α , with Lagrange multipliers ν α :
For the scalar-type field equation, P = 0, a new term P = h a a can arise. It will appear in Sec. VII A.
V. SUPERPOTENTIALS
It is of interest to know whether some part of an energy-momentum tensor can be derived from a so-called superpotential. Under suitable boundary conditions this part does not contribute to total quantities. We now describe the general method of constructing superpotentials, later we use it in specific cases. The energymomentum tensor T ik is generated by the superpotential U ikl = U i [kl] if the following master equation holds
i.e. the divergence of a superpotential gives the given energy-momentum tensor and a linear combination of field equations P A = 0 with multipliers λ ik A . The antisymmetry in indices (k, l) then implies the conservation law
,(kl) = 0. The terms h ab h cd present in the case of massive gravity cannot be produced by a divergence; hence we will restrict our attention to tensors T ik quadratic in the first derivatives of the metric, h ab,c h de,f -these can be produced by the divergence of terms of the form h ab h cd,e .
The requirement of the Lorentz covariance, the antisymmetry, and the structure of superpotential U ikl ∝ h ab h cd,e lead to a general expression with 13 parameters as follows:
Considering the equations of motion with two indices, P ab , which contain linearly the second derivatives of field variables h ab , the Lagrange multipliers λ ik ab will be proportional just to h ab . The resulting Lorentz covariant expression for λ ik ab P ab is
In practice we are solving just the equations involving the second derivatives h ab,cd , i.e.
This restricts the coefficients u α in the general expression (18) . The resulting superpotential-generated tensors T ik are then easily computed as T ik = U ikl ,l .
VI. CONSERVED QUANTITIES IN THE LINEARIZED GRAVITY
In the first part of this section we find the secondrank tensors constructed from the quadratic expressions in h ik,l and conserved as a consequence of the linearized Einstein equations without choosing any particular gauge. In the second part (Secs. VI B 3, VI B 4) we first impose the harmonic and generalized harmonic gauges and look for the expressions conserved under these conditions. In this way we find, among others, under which conditions we arrive at the results obtained by Butcher et al. [9] , [11] .
It is well known that, in contrast to the linearized curvature tensor, quantities involving the first derivatives h ik,l are gauge dependent. At the end of Sec. VI we note that in the high-frequency case, after suitable averaging introduced by Isaacson [16] , [17] , the expressions become gauge invariant and can be calculated for all choices of gauge.
A. Strongly conserved quantity
Let us first consider a possibility whether there exists a combination of parameters a i for which the tensor (8) is conserved identically, i.e., without using field equations. It turns out that, indeed, such a tensor exists for the
= . . . ), the resulting strongly conserved quantity is uniquely given by
where, for future reference, we denoted the expression in brackets as T (strong) ik . This conserved tensor is generated by the superpotential
B. Linearized vacuum Einstein's equations
We now allow the divergence of the energy-momentum tensor to be a general linear combination of the linearized Einstein's field equations: T ik ,k = λ irs R rs , where R rs is the linearized Ricci tensor. The resulting tensor depends on four free parameters which we denote α 1 , α 2 , α 3 , α 4 . The relation between the constant parameters a i from (8) and parameters α i is α 1 = a 9 = a 15 = −2a 19 
The final form of a general tensor conserved as a consequence of vacuum equations of linear gravity thus looks as follows:
It involves a four-parameter freedom; one of the parameters can be fixed by the choice of units. A natural question arises whether among these expressions there exist quantities which are symmetric, T ik = T ki ; this condition imposes some restrictions on coefficients α i . We obtain a unique (up to a multiplicative constant α) symmetric tensor writing α 1 = α, α 2 = 0, α 3 = −2α, α 4 = 2α. Putting α i 's into (23) we arrive at the final expression in the form
The four-parameter family of conserved quantities in the linearized theory was in fact obtained in [4] already without using Cadabra; however individual terms given there contain a number of misprints 4 . Notice that we could also start out from the "complete" linearized Einstein's equations G rs = 0, where G rs is the Einstein tensor, and consider the master equation T ik ,k = λ irs G rs . The result, as expected, will not change; it only leads to regular linear transformations of Lagrange multipliers because of the following identity
If we look for superpotentials generating parts of the conserved energy-momentum tensor in the linearized gravity, we find that expressions multiplied by α 2 , α 3 , and α 4 can be expressed as a divergence of the following expression:
Therefore, the general energy-momentum tensor (23) can be written in the form
where U ikl is given by (26), whereas the symmetric tensor 4 Denoting the parameters i α used in [4] by β i we obtain the relationships between parametrization used above and in [4] : α 1 = 2β 3 , α 2 = −2β 4 , α 3 = β 1 , α 4 = −β 2 . Condition of symmetry yields β 1 = 2β, β 2 = 2β, β 3 = − (24) can be written as
in which the terms in the round brackets form a superpotential.
Energy-momentum tensor obtained by variational principle
It is worth to mention the result indicated in the text of a lecture in [5] . We start from the covariant Lagrangian density for the tensor field h ab representing linear perturbations of the vacuum background spacetime metric g ab . It has the form
where covariant derivatives are done with respect to the background metric g ab . The metric energy-momentum tensor following from the variational principle reads
The resulting energy-momentum tensor contains the second derivatives of field h ab and, even with flat background, cannot thus be obtained by our procedure. However, it is worthwhile to notice that it is covariantly conserved in a general background spacetime.
Linearized Landau-Lifshitz pseudotensor
Consider the Landau-Lifshitz energy-momentum pseudotensor in the full general relativity (see e.g. [6] , [7] , [8] 
where g ab is a spacetime metric andĝ ab denotes √ −g g ab ; g = det(g ab ). If we now use the linearization ansatz
. Writing out the terms up to the second order in Landau-Lifshitz pseudotensor (31), which is tedious but straightforward, we get the symmetric energy-momentum tensor (24).
Harmonic gauge condition
We now wish to analyze the uniqueness of the energymomentum tensor suggested recently in [9] . Since there the assumption of the linearized harmonic gauge condition
plays a fundamental role, we have to generalize the previous procedure to include this possibility. A similar condition will become the field equation in the case of massive gravity considered in Sec. VII. We could just add the gauge condition and its derivatives multiplied by another set of Lagrange multipliers. However, with this simple gauge condition our procedure is equivalent to the following. First, regarding the gauge condition (32), we replace all terms h ab ,b appearing in general expression (8) by
,a . Then, we observe that some terms in (8) will become equal:
As a consequence of these relations some terms in (8) become redundant which we take into account by putting a 1 = a 3 = a 6 = a 7 = a 10 = a 11 = a 16 = a 17 = 0. Analogously, we have to consider the derivatives of the gauge condition (32) and thus replace the terms of type h ab α 3 + 2α 4 ) . Explicitly,
Therefore, the energy-momentum tensors for the linearized gravity with the harmonic gauge condition chosen ab initio form a five-parameter system -hence, with one additional free parameter as compared with the case not involving any gauge condition. The above expression is in general nonsymmetric. By putting − 1 2 α 2 − α 1 = α 3 , −α 2 = −2α 3 , we arrive at the symmetric expressions which form a three-parameter system. Introducing new constant parameters by α =
we get the symmetric tensor in the form
The tensor suggested in [9] follows after choosing α = 0,
. Hence, our procedure based just on the linear gravity and harmonic gauge shows how the energy-momentum tensor introduced by Butcher et al. [9] , [11] is contained in a larger (three-parameter) family of conserved symmetric tensors. Accepting the physical arguments presented in [9] , [11] , we arrive at the unique expression.
Hence, our procedure shows that the energymomentum tensor introduced in [9] based on the linearized gravity and harmonic gauge is not unique.
It is worth to emphasize that starting from the unique symmetric energy-momentum tensor (24) derived without any gauge condition we do not arrive at the tensor proposed in [9] if we apply the harmonic gauge condition in the expression (24) a posteriori. In their most recent work, Butcher et al. [11] rederive their symmetric expression
(35) found in the harmonic gauge from a variational formulation not involving a special gauge condition. They arrive at the result [see (13a) in [11] ]
which under the harmonic gauge condition turns into their original result (35). Notice that (36) is not symmetric. It is contained in our general form (23): we obtain (36) by putting −2α 1 = α 2 = 2α 3 = − 1 2 and α 4 = 0 in (23).
A general superpotential for linearized gravity in the harmonic gauge reads as follows:
Hence, it can be obtained directly from (26) by imposing the harmonic gauge condition.
Generalized gauge condition
The authors of [9] consider also the generalized gauge condition of the form h ab ,b = χh ,a , where χ is a constant parameter, which may be called a generalized (or parametrized) harmonic condition. We wish to apply our method also in this more general case. The resulting Ricci and Einstein tensors now read 2R bc = (2χ−1)∂ bc h− ∂ a a h bc and 2G bc = (2χ−1)∂ bc h−∂ a a h bc −η bc (χ−1)∂ a a h. We follow the same procedure as in Sec. VI B 3. Recalling the consequences of the gauge condition applied analogously as before, we find that a 1 , a 3 , a 6 , a 7 , a 10 , a 11 , a 16 and a 17 vanish. Next, we multiply the field equations by Lagrange multipliers, write down the master equation, and employ Cadabra. Observing the results we can easily eliminate a number of Lagrange multipliers except for λ 4 [cf. (10)]. Also, we find very simple relations for the following constants: a 5 = 0, a 4 = −a 12 , a 13 = −2a 20 , a 15 = −2a 19 . The remaining parameters entering the problem have to satisfy four linear equations:
Considering first χ = 1, the solution is simple: a 9 = 2(a 19 + a 20 ), a 2 = −a 8 , a 14 = 0, a 9 = −2a 18 . Introducing now four parameters α i and using the system (38), we find
The requirement of symmetry leads to the conditions α 1 = 2α 3 + 2α 4 and α 2 = −2α 4 ; i.e. it leaves us with a two-parameter system. For χ = 1, the system of equations (38) has the following solution
Notice that the third equation in the system (38) can just be used to express the multiplier λ 4 and does not restrict the form of the energy-momentum tensor. Let us now introduce five parameters as follows (41) and (42)] we find the following expression for the energy-momentum tensor when a generalized harmonic gauge condition is used:
The requirement of symmetry yields conditions α 1 = 2(2χ − 1)α 4 + 2χα 5 and α 2 = −2α 5 , so (43) becomes a three-parameter system. The resulting expression (43) is meaningful also for χ → 1; however, we obtain the solution (39) for χ = 1 after choosing α 4 = −2α 3 . The three-parameter system of symmetric tensors for χ = 1 then goes over to the two-parameter system.
Imagine we demand the independence of the result (43) on the parameter χ, i.e., we require the same conserved tensor for any χ. There are three terms that are χ dependent: h ,i h ,k , h ik,a h ,a , and h ka,i h ,a . Writing out explicitly the corresponding part of the energy-momentum tensor we find
Therefore, the resulting energy-momentum tensor will be independent of χ if the coefficients satisfy α 2 = 0, α 1 = 2α 4 , α 5 = −2α 4 , forming thus a two-parameter system. This tensor cannot be made symmetric. Finally, adding the condition that the χ-independent tensor is conserved also for χ = 1, i.e. α 4 = −2α 3 , we obtain a unique nonsymmetric energy-momentum tensor in linearized gravity with parametrized gauge condition h ab ,b = χh ,a which is conserved for arbitrary χ. It reads
High-frequency waves
In the physically most important case of highfrequency waves propagating in vacuum, the quantities quadratic in h ik,l become gauge invariant after being averaged suitably. This result goes back to the seminal work by Isaacson [16] , [17] which entered also classical textbooks; see [6] , [7] , for example. In general, the condition requires the characteristic wavelength to be short compared to the background curvature of spacetime. This is easily satisfied in the linear theory when the background is flat. The "Brill-Hartle averaging" is the appropriate technique of constructing the average of an oscillating tensor field in a general background. (In flat backgrounds, one can just average over one period of oscillation in time and one wavelength of distance in spatial directions; see [18] , p. 254.) Under the change of gauge,
but the last two terms are negligible after averaging. Moreover, since the averaging makes divergences small, we may convert various products of (∂h)(∂h) into other terms. For example,
so after averaging and choosing the gauge with h ab ,b = 0 (see below) this term drops out. In addition, in the curved backgrounds in the high-frequency approximation the covariant derivatives commute (see [17] , Sec. 4 and the Appendix there for the details).
Regarding these results, it is clear that after averaging, we may omit the divergence of the superpotential in our general energy-momentum tensor (27) in the linear gravity. In addition, since the averaging makes the resulting expressions gauge invariant we may choose a simple gauge. Assuming that we are in a vacuum region we may choose the Lorenz gauge in which h ab ,b = 0 and h a a = 0 so that the harmonic gauge condition (32) is automatically satisfied. Then the terms involving h in (27) drop out, and rewriting the fourth and last two terms in (27) in the way indicated above and using the Lorenz gauge, we arrive at the following simple expression:
where the brackets denote the averaging; the same expression follows from the symmetric tensor (28). And it is easy to see that the averaged energy-momentum tensor introduced by Butcher et al [9] , [11] leads to exactly the same result. In fact, even in the case of a curved vacuum spacetime the averaging of the "metric energymomentum tensor" (30) in the the generalized Lorenz gauge h ab ;b = 0, h a a = 0 implies (48) with partial derivatives replaced by covariant ones.
VII. MASSIVE GRAVITY
Finally, we turn to the case of the massive gravity in a vacuum. We start from the Fierz-Pauli action for the massive gravity (a massive spin-2 particle -see, for example, [14] ) described by symmetric tensor h ab :
The equations of motion following from this action have the form
The divergence of the last equation with respect to a free index implies, for m = 0, h ab ,b − h ,a = 0. Substituting back into (50) and making contraction in free indices we find that the trace h has to vanish, h = 0. Equations (50) are thus equivalent to the following set of equations:
A. Klein-Gordon equation
Starting first just with the Klein-Gordon equation,
we obtain the following five-parameter result for conserved tensors: a 1 = a 3 = a 5 = a 9 = a 11 = a 16 = 0,
where the meaning of the constants c i is explained in (14) and (15) . The explicit expression for the energymomentum tensor looks as follows:
The five-parameter system (53) reduces just to a twoparametric one with α 1 = α 2 = α 3 = 0 if we require the energy-momentum tensor to be symmetric. Applying the additional conditions h = 0 and h ab ,a = 0 on the resulting expression (53) we arrive at
The requirement of symmetry implies α 3 = α 1 , which leads to the following expression
By choosing α 1 = 1,
, we obtain the "generalized" linearized Landau-Lifshitz pseudotensor:
Putting m = 0 we recover the symmetric energymomentum tensor of the Einstein linearized theory (24) after we substitute therein the second and the third condition in Eq. (51); i.e. we obtain the standard LandauLifshitz pseudotensor (31) linearized and with these two conditions taken into account.
If we use the same procedure as in Secs. VI B 3 and VI B 4, i.e., we first apply the equations h ab ,b = 0 and h = 0 in the general form of energy-momentum tensor (14) and (15) Finally, starting from the field equation (50) and general form of energy-momentum tensor (14) and (15), we find that the tensor is conserved modulo the FierzPauli equation (50) provided that the following relations between the corresponding nonvanishing coefficients are satisfied:
These relations lead to the following explicit form of the energy-momentum tensor:
Notice that this result, after putting m = 0, coincides with the part of the energy-momentum tensor for the linearized gravity (23). However, to see it, we must, because of a different parametrization, make the change α 1 → α 2 , α 2 → α 1 , α 3 → −α 2 , and α 4 → 0 in (23); then (57) follows. It is noteworthy to observe that the inclusion of massive terms reduces the nonuniqueness of resulting conserved tensors.
Curiously enough, the energy-momentum tensor conserved as a consequence of the Fierz-Pauli equation in its original form (50) cannot be made symmetric for any choice of parameters α 1 , α 2 . However, applying differential operations on the original Fierz-Pauli equation (which give rise to the appearance of the third derivatives) we know that Eqs.(51) are implied. Using the second and the third equation of (51) the tensor (57) then 5 The terms vanishing due to the equations h ab ,b = h = 0 can be added with any coefficient to the resulting tensor, but if the above field equations are satisfied the energy-momentum tensor does not, of course, change.
turns into the following expressioñ (59) Observe that the resulting unique symmetric tensor does not coincide with the linearized Landau-Lifshitz pseudotensor generalized to massive gravity. It is simpler.
It is interesting to compare the expressions (57)-(59) with the standard results following from the variational principle and Noether's theorem. With the Lagrangian density L determined by the Fierz-Pauli action (49) (with a multiplicative constant omitted), the canonical energymomentum tensor
turns out to be exactly the expression multiplied by α 2 in (57). Substituting then from the second and the third equation of (51) as before, we get 
Therefore, Eq. (58) can be written in the form
Putting then α 2 = − 1 2 α 1 we arrive at (59). Since the first, strongly conserved part can be derived from the superpotential (22), the total quantities can be evaluated by using just T (can) ik . The same total quantities will, of course, result also from the uniquely given symmetric tensor (59). The "metric energy-momentum tensor" following from the variational principle by the same procedure as the expression (30) was obtained, contains the second derivatives ∂ 2 h. The Belinfante procedure of the symmetrization (i.e. the metric energy-momentum tensor) in the case of higher spin fields gives rise to new types of contributions to energy-momentum tensors, in our case ∝ h ∂ 2 h, absent in the lower spins. Our method of a systematic construction of superpotentials enabled us to find such an expression which makes the canonical tensor symmetric and the tensor involves fields and their first derivatives only. The unique expression (59) following from the Fierz-Pauli equation (action) is thus to be preferred. Putting m = 0 and α = 1 4 in (59), we arrive at the tensor (35) advocated in [9] , with h = 0.
Finally, let us note that our simple symmetric tensor (59) differs from the Landau-Lifshitz tensor (56) by the divergence of a superpotential; hence, both expressions lead to the same total (integrated) quantities provided that the field falls off appropriately at infinity. Regarding the superpotential (22) -which leads to the strongly conserved tensor -and puting h ab ,b = 0 and α = −1, it reads
Introduce then another superpotential
and use the first two field equations in (51) when evaluating its divergence. As a result we find that
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